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SUMMARY 

A generalized analysis to predict the two-dimensional aerodynamic losses of full­
film-cooled vanes by using integral boundary-layer parameters is presented herein. 
Heat-transfer and trailing-edge injection effects a r e  included in the method. An approx­
imate solution of the generalized equations, for constant-static-pressure mixing, is also 
presented. This solution allows the effect of the different boundary-layer and cooling 
parameters on the losses to be seen more clearly. The analytical predictions a r e  com­
pared with experimental results obtained for full-film-cooled vanes at  primary- to 
coolant-total-temperature ratios of 1and 2 .7 .  

The calculated loss for a full-film-cooled vane tested at the design total-tempera­
ture ratio of 2 .7  agreed well with the experimental results. The variation in losses 
when different cooled regions of a full-film-cooled vane were tested a t  a total-tempera-

I 	 ture ratio of 1was also well predicted. The boundary-layer parameters obtained from 
a finite-difference analysis incorporating an injection model appear well suited for use 
in determining the aerodynamic losses of cooled vanes. The boundary-layer analysis 
might be further improved by determining the effect of the free-stream pressure gra­
dient on the injection model constants. For constant-static-pressure mixing, the cal­
culated aerodynamic losses were approximately proportional to twice the momentum 
thickness minus the total enthalpy thickness at the trailing edge (for a coolant- to 
primary-total-pressure ratio of 1). 

I INTRODUCTION 

I Larger use of cooling a i r  in  advanced aircraft  engines i s  necessitated by a continu­
~ 

ing trend to higher turbine-inlet temperatures. Ongoing studies at  the NASA Lewis Re­
search Center a re  determining the effect of this cooling air on the turbine aerodynamic 
and heat-transfer characterist ics.  Under this program, the major effects have been 
identified and a re  summarized in reference 1. In addition, this program has provided 

1 	 a large experimental data base for use in developing analytical prediction techniques. 
Several prediction methods a r e  presently available and have been summarized in refer­
ence 2. 

I Je t  mixing theories (such a s  refs .  3 and 4) and boundary-layer injection concepts 
(such as refs. 5 and 6) a r e  the types of methods most often used to predict the effect of 
cooling a i r  on aerodynamic performance. Other investigators (refs. 7 and 8) have em­
ployed both mixing and boundary-layer concepts to predict the heat-transfer character-
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ist ics of film-cooled blading. No single, unified theory that predicts both the aerody­
namic losses and the heat-transfer characteristics is presently available A method of 
estimating two-dimensional aerodynamic profile losses by using integral boundary-
layer parameters (ref. 9) has long been in use and holds the potential of providing this 
unified approach. However, this method was developed for solid (uncooled) vanes and 
cannot in its fpresent form be used for cooled vanes, where heat transfer occurs. 

Generalization of the prediction method of reference 9 to include heat-transfer and 
coolant injection effects is one of the primary objectives of this report. Of equal im­
portance, however, is the need to determine i f  the boundary-layer parameters obtained 
from a finite-difference technique (ref. 7) can be used to predict the experimental aero­
dynamic losses with this generalized theory. Lastly, a better understanding of the ef­
fect of heat transfer and coolant injection on the aerodynamic losses is desired. 

Derivation of the generalized equations needed to predict the two-dimensional aero­
dynamic characteristics of film-cooled vanes by using integral boundary-layer param­
eters  is  presented herein. Modeling of trailing-edge coolant injection and heat-transfer 
effects is incorporated in  these generalized equations. An approximate solution, as­
suming constant-static-pressure mixing, i s  also provided so that the effect of the dif­
ferent boundary-layer and coolant parameters on the losses can be seen more readily. 
Nondimensional boundary-layer characteristics for typical full-film-cooled vanes a r e  
presented, and the calculated losses for the vanes a re  compared with the experimental 
results reported in references 10 and 11. 

ANALYSIS 

For solid (uncooled) vanes the two-dimensional aerodynamic loss characteristics 
can be estimated from the vane boundary-layer parameters at the trailing edge by the 
method described in reference 9. In this procedure the profile losses a t  the vane trail­
ing edge and the losses after the flow has mixed to uniform conditions a re  obtained from 
the displacement, momentum, kinetic energy, and trailing-edge thicknesses. For  
cooled vanes, where heat transfer occurs, this method (ref. 9) is not applicable since 
it assumes that the total temperature at  the trailing edge is constant. The analysis 
presented herein uses the energy equation to account for heat-transfer effects and can 
therefore be considered a generalization of the method of reference 9. The basic flow 
model and assumptions used in the theory a re  described in the next section. 
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Flow Model and Assumptions 

A schematic sketch of a cooled vane is shown in figure 1, together with the nomen­
clature used in the analysis. The flow is considered to be two dimensional. A t  the 
vane inlet, station 0, the entering flow is assumed to be uniform and at constant total 
pressure p'0 and total temperature Tb. (All symbols are defined in appendix A.)  The 
injected coolant flow is assumed to remain within the boundary layers formed on the 
vanes. Just  downstream of the vane trailing edge, station 1, profiles of total pressure 
p i  and total temperature T'1 occur due to the vane friction and the injection of coolant 
at a total pressure and temperature different from those of the free s t ream. A t  sta­
tion 1, the static pressure p1 and flow angle a1 are assumed to be constant, as 
in reference 9. A s  shown in figure 1, trailing-edge coolant injection at  station 1 is 
also allowed for. The aerodynamic loss based on kinetic energy el contains the vane 
profile losses and the losses  due to coolant injection. Uniform conditions exist at  sta­
tion 2 ,  where complete mixing is assumed to have taken place. The conservation of 
mass ,  momentum, and energy is applied between stations 1 and 2 to obtain the after-
mixed state. This procedure is presented i n  appendix B. The aftermixed loss e2

1
i 	

contains not only the vane profile losses and the losses due to coolant injection but  also 
the mixing losses.  The aerodynamic loss coefficients el and ea are calculated from 
the boundary-layer parameters in appendix B and summarized in the next subsection. 

Loss Characteri st ic s 

Generalized analysis. - The aerodynamic perforniance of vanes is commonly de­
fined as a loss coefficient based on kinetic energy (ref. 12). In equation form, 

-e = 1 - - - K E  
(1) 

where the ideal kinetic energy for cooled vanes is usually based on the sum of the cool­
ant and primary (or main stream) kinetic energies. The loss coefficients el and e2 
defined in te rms  of boundary-layer parameters at the trailing edge a re  presented i n  ap­
pendix B and a re  summarized here.  For station 1,  
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where the ideal velocity ratios (Vpr, id/Vcr)2 and (Vc, id/Vcr), a r e  calculated from 

the static pressure p2 a s  determined in appendix B. The loss coefficients el and e2 
- -

a re  complicated functions of the boundary-layer parameters A*, 8 ,  6H, and +; the 
trailing-edge coolant injection parameters Bte, Jte, Ete, and Kte; and the trailing--
edge geometry Tte and tis1. They a r e  also functions of the critical velocity ratio 

and the flow angle al .  The effect of heat transfer (total-temperature 
(v/vcr)fs, 1 -
profile at the trailing edge) is contained in the parameter A H ,  which is defined as the 
total enthalpy thickness. The above relationships for the loss coefficient simplify con­
siderably if  certain approximations a r e  made. These approximations a re  discussed in 
the next subsection since they allow the effects of the boundary-layer and cooling param­
eters  on the losses to be seen more readily. 

Cpnstant-static-pressure -mixing approximation. - The assumption that the static 
pressures  at stations 1 and 2 (fig. 1) a r e  the same has been used by other investigators 
(refs. 13 and 14) to simplify the solution of the mixing equations. Further approxima­
tions also possible once it is realized that the boundary-layer parameters s*,z,- -
A H ,  $, A t e ,  and Asl  a r e  often much less  than 1. With these approximations, it is 

1 

shown in appendix C that for typical first-stage operating conditions (i.e., equal vane-
coolant and primary-flow total pressures) the loss coefficients a r e  

5 
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These particularly simple expressions indicate that the losses el and Z2 depend di­
rectly on the kinetic energy thicknesses 7and te’ the momentum thicknesses 5 and 
-
‘te’ and the total enthalpy thicknesses EH and gH,te,but not on the displacement 

thickness E* or the trailing-edge thickness Zte. There a r e  two t e rms  for each thick­
ness becauSe there is a loss due to the boundary layer formed along the vane surface 
and an additional loss due to  coolant injected at the trailing edge. 

The total enthalpy thicknesses dH and bH,te are defined so that they a re  positive 
if the coolant total temperature is less  than the main-stream total temperature. It 
would appear from equations (C17) and (C13) that coolant injection tends to decrease the 
losses through the total enthalpy thicknesses. However, the total-temperature profile 
caused by the coolant injection also tends to  increase the kinetic energy and momentum 
thicknesses. Therefore, it is not possible to determine from equations (C17) and (C13) 
how the losses change with coolant addition. This must be done by the boundary-layer 
calculation. 

The change in the losses AE (between stations 1and 2) defined as 

can be shown (appendix C )  to be always greater than zero.  That is, there is always a 
mixing loss in going from station 1to station 2. 

The approximate relations presented in this section a r e  intended to show the effect 
of the different boundary-layer parameters on the losses in a simple manner and a r e  
not recommended for calculation of the loss coefficients. The general expressions 
summarized previously and given in detail in appendix B should be used. 

Boundary-Layer Parameters  

An analysis that accurately predicts the boundary-layer parameters is obviously 
required to use the method presented in appendix B for predicting the aerodynamic 
losses of cooled vanes. One boundary-layer method that allows for discrete-hole cool­
ant injection is described in reference 7. As this method is used in the next section to 
calculate the aerodynamic performance of a typical full-film-cooled vane, it is briefly 
described here. The method of reference 7 uses a two-dimensional, finite-difference, 
boundary-layer calculation for the solid surface combined with a model of the injection 
process. The calculations proceed in the streamwise direction until a row of holes is 
encountered. A t  this point the finite-difference calculations stop and fluid is injected 
into the boundary layer. 
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In the injection model, a fraction of the coolant is assumed to remain in each 
stream tube as  the coolant passes through the stream tubes comprising the boundary 
layer. This fraction of coolant is then mixed at constant static pressure with the 
boundary-layer mass  in the s t ream tube. This process continues in successive stream 
tubes until all the coolant is added to  the boundary layer. The distance at which this 
occurs is called the penetration distance. In addition, the injectant and the boundary 
layer interact and thus increase the turbulence level in the boundary layer. This pro­
cess is modeled by increasing the value of Prandtl's mixing length over that which 
would occur without injection. The maximum mixing length is assumed to occur at the 
injectant penetration distance. 

The two constants in this injection model (one constant determines the penetration 
distance and the other the maximum mixing length) were determined experimentally in 
reference 7 as a function of the mass-flux ratio @ J V ) ~ / @ V ) ~ ~for 30' slant-hole injec­
tion on a flat plate. After the injection process is  completed, the finite-difference cal­
culations resume with the new boundary-layer profile and continue until another row of 
holes is encountered. 

The boundary conditions must be known or  estimated to calculate the boundary-
layer parameters by the method of reference 7 .  For cooled vanes the boundary condi­
tions needed a re  the streamwise variation in free-stream conditions Vfs, the stream-
wise variation in wall temperature Tw, and the flow conditions of the coolant pcVc 
and TL at the exit of the injection holes. The f i rs t  of these boundary conditions could 
be estimated from a two-dimensional, potential flow solution (e.g., ref. 15); the latter 
boundary conditions could be obtained from a heat-transfer analysis (e. g. , ref. 16).  

In general, these types of analyses would be a part  of the design procedure for a 
cooled vane and would therefore not require additional effort. They do, however, in­
troduce some uncertainty into the determination of the boundary-layer parameters. To 
circumvent this difficulty i n  this report, experimental results were selected (refs. 10 
and 11)in which most of the boundary conditions were measured. That is ,  not only was 
the aerodynamic performance measured, but so were the vane static-pressure distribu­
tion, the coolant flow rates ,  and the wall temperature distribution. These boundary 
conditions were used in the boundary-layer analysis (ref. 7) to determine the boundary-
layer parameters. The boundary-layer parameters were then used in the prediction 
method (appendix B) to determine the aerodynamic performance. The results of these 
calculations for a typical full-film-cooled vane a re  presented in the next section. 
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RESULTS AND DISCUSSION 

Description of Film-Cooled Vane 

The experimental aerodynamic performance of a typical full-film-cooled core vane 
has been presented in references 10 and 11for tests conducted at primary- to coolant­
total-temperature ratios Tb/TL of 1and 2.7,  respectively. The vane profile and the 
cooling-hole pattern (fig. 2) were the same for both tests.  For  the measurements of 
reference 10,  however, the vane inser t  was  not used and the hole diameters were dif­
ferent. Also shown in figure 2(b) is the nomenclature of the film-cooled regions tested 
individually o r  in  combination in reference 10. That is, experimental performance was 
obtained when the following regions (fig. 2(b)) of the vane were film cooled: Q)  pres­
sure  surface, region P; (2) diffusing part  of suction surface, region D; (3) full suction 
surface, region AD, (4) trailing edge, region T; (5) pressure surface and accelerating 
part  of suction surface and trailing edge, region PAT; and (6) full vane, region PADT. 
The solid (uncooled) vane is designated S. 

The free-stream critical velocity ratio distribution for the vane (calculated from 
measured static pressures) is shown in figure 3, together with the interpolated values 
used in the boundary-layer program. This velocity distribution, particularly on the 
suction surface, has a large influence on the development of the boundary-layer param­
eters  along the vane. Before the performance of the vanes is discussed, the calculated 
boundary-layer characteristics for the different film-cooled regions a r e  presented. 

Boundary- Layer Characteristics 

Primary- to coolant-total-temperature ratio of 1. - The streamwise variation in  
momentum-thickness Reynolds number (Re)e for the different film-cooled regions 
(tested in ref. 10) is shown in figures 4 and 5 for the pressure and suction surfaces, 
respectively. The term @e)e is used herein because it is the criterion se t  in the 
boundary-layer program for the start of transition from laminar to turbulent flow. 

For the solid (uncooled) vane S, a conservative value of 200 for (Re)e (ref. 12) was 
assumed for the start of transition. According to this criterion, the boundary layer 
(fig. 4(a)) remains laminar over most of the pressure surface (fig. 4(a)) but is turbulent 

I 

over most of the suction surface (fig. 5(a)). Comparing the pressure and suction sur­
faces at the trailing edge indicates that the (Re)e (or momentum thickness e) for the 
suction surface is almost seven times larger than that for the pressure surface. Since 
the losses e2 were shown to-be approximately proportional to the momentum thickness-
(for y, = 0 o r  T' /TI = 1, 6H = 6H, te = 0), the suction surface contributes most of the o c  
losses. 
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For the film-cooled regions shown in figures 4@), 5@), 5(c), and 5(d), transition 
was assumed to be triggered by the coolant injection at the first row of holes, provided 
that @e)o was less  than 200. The discontinuities in the figures occur at each row of 
cooling holes and are the result of the constant-static-pressure mixing of the coolant 
with the boundary layer. Injection on the pressure surface P (fig. 4@)) more than trip­
les  the momentum thickness at the trailing edge over that at the solid pressure surface. 
This is due, in part, to the assumed triggering of turbulent flow by the coolant injection. 
The momentum thickness, however, is still much less  than the value for the solid suc­
tion surface (fig. 5(a)). Injection on the accelerating par t  of the suction surface A 
(fig. 5@)) increases the trailing-edge momentum thickness by only about 20 percent. On 
the other hand, injection on the diffusion region D (fig. S(c)) o r  on the full suction sur­
face AD (fig. 5(d)) more than doubles the momentum thickness over that of the solid 
surface (fig. 5(a)). They a r e  also over six to seven times larger  than for the cooled 
pressure surface P. Therefore, as for  the solid vane, the losses for the full-film­
cooled vane P A D  a r e  largely controlled by the suction-surface momentum thickness. 

Primary--to coolant-total-temperature ratio of 2.7.  - The momentum-thickness 
Reynolds number (Re)o and total-enthalpy-thickness Reynolds number (Re)6 a re  shown 

H 
in figures 6 and 7 for the full-film-cooled pressure and suction surfaces, respectively. 
Only the full-film-cooled vane PADT was  tested at the higher total-temperature ratio. 
For injection on the pressure surface P (fig. 6) ,  the total enthalpy thickness (at the 
trailing edge) is slightly less  than twice the momentum thickness. Since the losses a r e  
approximately equal to twice the momentum thickness minus the total enthalpy thick­
ness, the pressure surface again contributes little to the total losses.  For  the cooled 
suction surface AD (fig. 7) ,  however, the total enthalpy and momentum thicknesses a r e  
about equal. Therefore, the losses for the full-film-cooled vane PADT a re  again con­
trolled mainly by the losses on the suction surface. The calculated and measured 
losses a r e  compared in the next section. 

Comparison of Calculated and Measured Losses 

The calculated aftermixed loss coefficients ez a r e  compared with the experimental 
results in figure 8 for tests conducted at primary- to coolant-total-temperature ratios 
T'/T'o c  of 1 (ref. 10) and 2.7 (ref. ll), respectively. The single experimental value 
shown in figure 8@)  w a s  determined from the mean-radius survey data presented in 
reference 11. In figure 8, the difference in the ba r  graphs o r  in the experimental 
points, between the film-cooled and solid vane, represents the losses incurred in cool­
ing that region of the vane surface, Since the calculated and experimental losses for 
the solid (uncooled) vane agree so well, a direct comparison of the experimental point 
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and bar graph for  any cooled region shows how well the effect of the cooling on the 
losses is predicted. For all the film-cooled regions tested, the calculated and experi­
mental losses agree quite well, with an average deviation of M.003. This value com­
pares well with the generally quoted experimental accuracy in ez of HI. 0025 for solid 
(uncooled) vanes; this value would be expected to  be somewhat higher for cooled vanes. 

It is, therefore, concluded that the effect of film cooling on the aerodynamic losses 
can be predicted to an accuracy comparable to that with which i t  can be measured. 
However, if the cooled region contains the diffusing part  of the suction surface (i.e., 
D, AD, and PADT), the calculated losses a re  slightly higher than measured. Similarly, 
for the accelerating regions (i.e., P and PAT) the calculated losses a re  slightly lower 
than measured. The reason for this is not known, but it may be due to the effect of 
pressure gradient on the constants in  the boundary-layer coolant injection model. A s  
discussed in the section ANALYSIS, these constants were determined from flat-plate 
(zero pressure gradient) coolant injection tests. It i s ,  therefore, felt that the boundary-
layer analysis may be further improved by determining the effect of free-stream pres­
sure  gradient on the injection model constants. 

A s  noted previously, the effect of cooling the different regions of the vane can be 
inferred from figure 8 by comparing the cooled-region losses with each other and with 
the solid (uncooled) vane losses. For example, the loss due to cooling the accelerating 
part of the suction surface, region A, is smaller than the loss due to cooling the diffu­
sion part of the suction surface, region D. This is, of course, the same result arrived 
at previously by comparing the boundary-layer characteristics. Because region A was  
not tested individually, there is  no data point shown intfigure 8(a) for this region. The 
calculated losses a re  shown in figure 8 (a) since the boundary-layer parameters were 
needed to calculate the losses for region PAT. Other regions not tested (i. e . ,  region 
PDT) could have just as  easily been shown in figure 8 (a). The point is that calculating 
the losses is relatively simple once the boundary-layer parameters for the different 
cooled regions have been determined. In fact, the boundary-layer parameters a r e  
easily obtained for different cooled regions and could be used to  optimize the design of 
cooled vanes. 

SUMMARY OF RESULTS 

A generalized analysis to predict the two-dimensional aerodynamic losses of full­
film-cooled vanes by using integral boundary-layer parameters has been presented 
herein. Heat-transfer and trailing-edge injection effects a r e  included in the method. 
An approximate solution of the generalized equations, for constant-static-pressure mix­
ing, has also been presented. This solution allows the effect of the different boundary-
layer and cooling parameters on the losses to be seen more readily. The analytical 
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predictions are compared with the experimental results obtained for full-film-cooled 
vanes tested at  primary- to coolant-total-temperature ratios of 1and 2.7. The follow­
ing results were obtained: 

1. The calculated loss for a full-film-cooled vane tested at the design total-temper­
ature ratio of 2.7 agreed well with experimental results. The variation in losses when 
different cooled regions of a full-film-cooled vane were tested at a total-temperature 
ratio of 1 was also well predicted. 

2. The boundary-layer parameters obtained from a finite-difference analysis incor­
porating an injection model appear well suited for use in determining the aerodynamic 
losses of cooled vanes. The boundary-layer analysis might be further improved by de­
termining the effect of free-stream pressure gradient on the injection model constants. 

3. For constant-static-pressure mixing, the calculated aerodynamic losses were 
approximately proportional to twice the momentum thickness minus the total enthalpy 
thickness at the trailing edge (for a coolant- to primary-total-pressure ratio of 1). 

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, October 5, 1979, 
50 5-04. 
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APPENDIX A 

SYMBOLS 

Bte ratio of trailing-edge-coolant to free-stream mass  flux, (pV),, te/@V)fs, 

C parameter defined in eq. (B28) 

cP 
specific heat at constant pressure,  J/kg K 

D parameter defined in eq. (B31) 


Ete ratio of trailing-edge-coolant to free-stream energy flux, 


CoVT'), ,te/@VT')fs, 1 
-
e loss coefficient based on kinetic energy, 1 - (KE/KEid) 


H total enthalpy, J/kg 


Jte ratio of trailing-edge-coolant to free-stream momentum flux, 


KE kinetic energy, 2 mV2, J /sec 


Kte ratio of trailing-edge-coolant to free-stream kinetic energy flux, 


in mass flow rate ,  kg/sec 


P pressure,  N/m 2 


R gas constant, J/kg K 


(Re), total-enthalpy-thickness Reynolds number, pVfsGH/p

H 

(Re)e momentum-thickness Reynolds number, pVfsB/p 

S 

sl 

T 

t 

U 

V 

X 

YC 

a! 


vane spacing, m 


trailing-edge slot width (fig. l), m 


temperature, K 


trailing-edge thickness (fig. l),m 


tangential direction of cascade, m 


velocity, m/sec 


axial direction of cascade, m 


coolant mass-flow fraction, mc/mT 


flow angle measured from axial direction, deg 
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Y 


6 

6" 

6H 

-
6' 
-
6 H-
'H, te -
's1 -

te 
E 

77 

-
'te 

ratio of specific heats 

boundary-layer thickness, m 

displacement thickness, JG"(.-
(PV)fS, 1 

)dq, m 

total enthalpy thickness, dv, m 

(6; + 6" / s cos Q1)p" 
(6H,~ 
+ 6H,p)/(s cos 1) 

effective total-enthalpy thickness of trailing-edge coolant injection, eq. ( C l l b )  

sl/(s cos al) 

t/(s cos Ql) 


dimensionless parameter whose value i s  much less than 1 


coordinate normal to vane surface, 111 


( O s  + O P ) / ( S  cos Q1) 


elfective momentum thickness of trailing-edge coolant injection, eq. ( C l l a )  


viscos ity k g/ni sec 


coordinate tangent to vane surface, m 


density, kg/m 3 


!cinetic energy thickness, di7, n~ 

(as + JIp)/(S cos Qyl) 

effective kinetic-energy thickness of trailing-edge coolant injection, eq. (C15) 
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Subscripts: 


C coolant flow 


cr  flow conditions at Mach 1 


fs free s t ream 

id ideal o r  isentropic process 

P pressure surface 

Pr primary flow 

S suction surface 

T total flow (coolant plus primary) 

te trailing edge 

U tangential direction 

X axial direction 

0 station at vane inlet (fig. 1) 

1 station at trailing edge (fig. 1) 

2 station far downstream of vane trailing edge, where flow is completely mixed 
to uniform (aftermixed) conditions (fig. 1) 

Superscript: 

( ) ' total-state conditions 

14 




APPENDIX B 

AERODYNAMIC LOSS COEFFICIENTS O F  COOLED VANES I N  TERMS 

OF BOUNDARY-L AYER PARAMETERS 

Aftermixed Conditions 

To obtain the aerodynamic loss coefficient at station 2 the aftermixed conditions 
have to first be determined in t e rms  of the boundary-layer parameters at station 1 

(fig. 1). The conservation of mass, axial and tangential momentum, and energy be­
tween stations l and 2 resul ts  in the following equations: 

plVl,x du :.- p2V2,xs = n' T 
JO 

J O  

2Jo p1V1 ,xV1 , u  d u = p V2,xV 2 , u  s 

The fluid is assumed to be a perfect gas with constant specific heat. Therefore, 

P =  	_E 
RT 

H = C  T ' = C  T + -V2 
P p . 2  

T o  allow the use of the boundary-layer parameters at station 1, it is assumed that the 
static pressure p1 and the flow angle are constant. This allows equations pl) 
to (B4) to be expressed as 

15 
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6 /cos CYl 

+ (pV),, teSl + cos Q!1 J" PlVl  du = P2V1, xs 
0 

(dS + "P) 
ds /COS acl 

(Pv2)fs,1 1 - cos ac - ]+  cos2Q!l 4 ~ 1 v ;du + (pv2)c, te 
1 cos  CY1 

6 /cos a1 
x cos ac,Sl+ cos ac plVl2 du + pls = 

+ P2)SJ 

( p ~ ' l ) ~ ~ , ~sin a 1cos acl 
cos  a1 

- cos 

ds/cos CY1 

+ sin a1 cos  a 1 plV; du + sin a1s l  

6 /cos CYl 
2+ sin a1 cos  CY 1 J p' P 1 1du = P2v2,xv2,usv 

0 

6 /cos CYl 

+ cos a 
1/" plVIT; du + (pVT') 

c, te 
sl 

0 

1 
p 1 1 1  du = p2V2,,Tis (B10)V T' 

4- cos acl rp'cos
Equations (B7) to (B10) assume that the flow conditions of the coolant injected at the 

trailing edge are uniform and that the projection of the boundary-layer thickness 6 in 
the u-direction is equal to 6/cos al' To transform the remaining integrals in equa­
tions (B7) to (B10) to the boundary-layer coordinate system (t ,q ) ,  it is also necessary to 
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assume that pl, V1, and T i  are independent of 6 .  This is similar to the assumption 
made in reference 13 that the axial gradients of the flow in the boundary-layer wake a r e  
not large. With this assumption, the substitution 

u = r l  
cos 01 1 

in the integrals and the following boundary-layer-parameter definitions 

s 

f 


L 

allow equations (B7) to (B10) to be expressed as 

- ­ 2(1 - s*- 6te - 0 + Jtezsl)(pV2)fs, COS 
2al + p1 = p 2V2 , x f P 2  
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sin CY 1cos a1 = p2V2,xV2,u (B17) 

where 
-

- t (B19a)
'te - s cos CY1 

-
- s l  (B19b)

6s1 - s cos CY 1 

(B19c) 

(B19d) 

(B19e) 

To put equations (B15) to (B17) into dimensionless form, similar to those in refer­
ence 9,  the following relations a r e  used: 

Vcr = i$RT' (B20a) 

T h y1 = Tb (B20b) 

pis, 1= p;, (B20cj 

with the result that 

cos CY 1 = (s)2 (B21) 
P'VCF 
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(1 -6%- -6te - e-+ JteZSl)(<) 'Os 2 

p'vcr fs,l 

(1-6* -I!jte- - -e + Jte~sl)(<) sin al cos al = (-12: (B23) 

p'vcr fs, 1 

Solving equations (B15) and (B18) gives 

* b  1 - Z*- Zte + BteGsl 

Solving equation (B21) for p;/pb gives 

1 


Substituting pi/pb from (B25) into equation (B22) and eliminating p,/pb with the re­
lation 

gives, after simplification, 
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- -  

where the parameter C is defined as 

-2" - -6te - -8 + J te6sl)(LIs,-

vc r 
-

(1- 6"- dte + BteGsl cos Q1 

(B28) 

By substituting for p,/pb from equation (B26), and since 

equation (B27) becomes 

f 

Solving equations (B21) and (B23) for (VU/Vcr ) gives 
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= D from (B31) into (B30) gives a quadratic equation for 

(.,'vc r>, 

Since the parameters C and D depend on conditions at  station 1, the solution of equa­
tion (B32) is 

The negative root has been used in equation (B33) to give the subsonic solution for the 
axial critical velocity ratio. 

Although the form of equation (B33) is the same as that given in reference 9, they 
are not identical. The differences occur in the definitions of the parameters C and D. 
For C and D given by equations (B28) and (B31), respectively, additional t e rms  that ac­

{ count for the effect of trailing-edge coolant injection (i.e., Bte, Jte, and Ete) and-
total-temperature profile (i. e . ,  tiH) occur. If these t e rms  are all zero (as for a solid 
vane), the definitions for C and D reduce to those given in reference 9.a 

Once the critical velocity ratios are determined from 

equations (B29), (B31), and (B33), the pressure ratios p2/pb and pb/pb can be calcu­
lated from equations (B26) and (B25), respectively, since @/p'), is also a function of 
(V/VCr),. The aftermixed conditions have now been determined in te rms  of the bound­

ary-layer parameters at the trailing edge. The loss coefficients will be discussed next. 
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Loss Coefficients 

Aftermixed state. - The aftermixed loss coefficient e2,based on kinetic energy, 
is defined as 

For the thermodynamic definition of loss coefficient the ideal kinetic energy can be 
written as the sum of the coolant and primary kinetic energies. Since the flow condi­
tions are constant at station 2, equation (B34) becomes 

2 
-e = 1 - "TV2 -_ _- 1 - (B35a)

2 2 
mprV$, id, 2 + mcVc, id, 2 

where 

(B35b) 

(B35c) 

mmc - C I 
Yc = (B35d) 

m p r + m c  m~ 
* 

When the total temperatures of the coolant and primary flow are not equal, an overall 
energy balance gives 

which when solved for the coolant fraction yc gives 
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Yc = ' 0  i f  T; +T; 

1 - -T:: 

The loss coefficient Z2 can be calculated by using the aftermixed conditions deter­
mined in the previous section. 

Trailing-edge plane. - A loss coefficient at the trailing edge el can also be de­
fined. It is of interest because it does not contain the mixing losses due to flow equali­
zation. The loss coefficient el is defined a s  

The actual kinetic energy at  station 1 is  obtained by integrat-m since the velocity V1 
varies. Therefore, 

cos a1 

q c o s  a1 
PlV1,xV21 du + ( P V ~ ) ~ ,t e ~ l  

+ J6 /cos a1 

PlV1,XV21d.) 
0 

(B39) 


The terms and Kte a r e  defined as follows: 



Substituting int,o equation (B39) gives (by using eq. (B11)) 

- ­
(KE)l = 16-z*- ate - J I  + Ktezsl) ( P V ~ ) ~ ~ ,s COS al 

2 

The ideal kinetic energy at station 1 is again defined as the sum of the coolant and pri­
mary kinetic energies. Since the static pressure p1 has been assumed to be constant, 
the ideal kinetic energy can be expressed as  

2 
pr  pr ,  id ,  1+ mcVc, id, 1) = 

Using equation (Bl) for the total mass  flow mT and equation (B15) results in 

The loss coefficient e, therefore is 

where 

(B45b) 
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APPENDIX C 

CONSTANT-STATIC-PRESSURE MIXING APPROXIMATION 

The assumption that the static pressures  at stations 1and 2 (fig. 1) a r e  the same 
has been used by other investigators (refs. 13  and 14) to simplify the solution of the 
mixing equations. The mixing equations, of course, can be solved in general without 
this assumption. The results are presented in appendix B. The constant-static-pres­
su re  mixing approximation is used herein because it allows the effects of the boundary-
layer parameter on the loss coefficients to be seen more readily. We will therefore 
let  

p1 3 p2 = Constant (C 1) 

Solving equations (B15) and (B16) for V2,x gives 

Solving equations (B15) and (�317) for  V2 ,u  gives 

And the velocity V2 is ,  therefore, 

Since the ideal velocities a r e  

-
Vpr, id, 2 Vpr, id, 1- vfs, 1 

vc, id, 2 vc, id, 1 

the aftermixed loss coefficient e2 from equation (�335) becomes 
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- -  

2 
where (Vc, id/Vfs), is given by equation (B45b). 

Further approximation of equation (C6) is possible once it is recognized that the- ­
boundary-layer parameters (i.e. , 6*,6tey 0 ,  and 6sl) and the coolant fraction Y, a r e  
usually much smaller than 1. The following approximation can then be used: 

1- = l + &  & < < 1  
1 - E  

This assumes that E' is negligible. Using equation (C7a) in equation (C6) gives (as­
suming E' t e rms  a r e  zero) 

1 
M 1+ 6* + A t e  - BteGsl 

1- x* - Xte + BteZsl 

Therefor e, 

($y-l) 
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If the coolant and primary total temperatures are not equal, equations (�337)and (B24) can be 
used to find the coolant fraction yc . Using the same approximation (i.e. ,eq. (C7a)) gives 

Substituting equation (C9) into equation (C8)- results in 
r 

1- - 	*; 
Tb 

1 - - 	T; 

Tb 

c 


From the definitions of the trailing-edge coolant injection constants given in equation 
(B19), it can be seen that 

(Clla) 

and 

(Cllb) 

- -
where ete and 6H , e  represent the effective momentum and total-enthalpy thick­
nesses, respectively, of the trailing-edge coolant injection. Equation (C10) can there­
fore be written as 
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i f  TL # T b  

i Tb 

To a first-order approximation, the losses e2 depend directly on the momentum and 
total-enthalpy thicknesses but a re  independent of the displacement and trailing-edge 
thicknesses. For  the special case of equal coolant and primary total pressures  (pi=pb), 
which is typical for first-stage cooled turbine vanes, equation (C12) becomes simply 

+ K~,) - (zH + zH,te) if TL # Tb and p: = pbe2 2 ( ~  

The losses at the trailing-edge plane El can also be approximated by using equa­
tion (C7a), which when applied to equation (l345a) gives in a s imilar  manner 

c 


1-- 	Ti 
Tb 

if T i  #Tb 

1 - -
Tb 
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But 

(C15) 

Therefore, 

1 	 TL 
T b  

if  Th #Tb  

1 - -T; 

Tb 

For equal coolant and primary total pressures  this reduces to 

The change in loss A z  between stations 1 and 2 is defined as 

-
A;=; 2 - e l  2 2 (-e + e t e- ) - (T+Ke) (C 18) 

which is true, in general, without restrictions on Th or  p;. But 

(C19a) 

and 
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=I-_ (C19b) 
s cos a1 

Since these te rms  (i.e., eqs. (C19a) and (C19b)) are always greater than zero, the 
change in loss A e  is 

and represents the mixing loss in going from station 1to station 2. 
Note that the approximations presented in this appendix are not recommended for 

the calculation of the loss coefficients. The general expressions derived in appendix B 
should be used. The equations presented in appendix C are intended to show the effect 
of the different boundary-layer and cooling parameters on the losses in a simple, but 
approximate, manner. 
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Figure 1. - Schematic of film-cooled vane, showing nomenclature. 
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(a) Test vane. 
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(b) Cross-sectional view of vane. 

Figure 2. - Core turb ine vane. 
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Fgure 3. Free-stream critical velocity ratio as a function of fraction of vane surface 
length. 
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e (a) Solid (uncooled) vane, S. 

2 . 4  . 6  .8 1. 0 
Fraction of surface length. 

(b) Fully cooled pressure surface, region P. 
Figure 4. - Pressure-surface, momentum thickness Reynolds number for vane configura­

tions tested at a total temperature ratio of 1. 
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(b) Total-enthalpy-thickness Reynolds number. 

Figure 6. - Pressure-surface momentum and total-enthalpy-thickness Reynolds numbers for 
cooled vanes tested at a total-temperature ratio of 2 7. 
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Figure 7. - Suction-surface momentum and total-enthalpy-thickness Reynolds numbers for 
cooled vanes tested at a total-temperature ratio of 27. 
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Figure 8. - Aftermixed kinetic energy loss for film-cooled vanes. 
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